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Abstrat
Open Wilson lines are known to be the observables of nonommutative
gauge theory with Moyal-Weyl ⋆-produt. We generalize these objets
to more general ⋆-produts. As an appliation we derive a formula for
the inverse Seiberg-Witten map for ⋆-produts with invertible Poisson
strutures.
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Introdution
Nonommutative gauge theories have been under strong investigation as was re-
alized that they an be implemented by a ertain string theory [1℄. In these the-
ories the nonommutativity is introdued via a ⋆-produt on ordinary funtion
spaes. Most researh up to now has only onsidered the ase of the Moyal-Weyl
⋆-produt
f ⋆ g = lim
x′→x
e
i
2
θij∂i∂
′
jf(x)(x′)
that depends on a onstant tensor θij . In the string theory approah, this
tensor is related to a onstant B-eld on a brane. On a urved brane this B-
eld beomes position dependent [2℄. For this it is neessary to look at the ase
where the tensor θij is not any more onstant. In this ase ⋆-produts an be
dened as polydierential operators
f ⋆ g = fg +
i
2
θij(x)∂if∂jg + higher order terms. (1)
The funtions should still form an assoiative algebra. Therefore θij has to be
a Poisson tensor
θil∂lθ
jk + cyc. = 0.
On the other hand one an show that every Poisson tensor gives rise to a ⋆-
produt that looks like (1) [3℄ and that a large lass of algebras may be repre-
sented in this way [4℄. In these ases the higher order terms all depend only on
θij and its derivatives.
The fundamental objets of nonommutative gauge theory are ovariant o-
ordinates whih an also be dened for the ⋆-produts (1). In this paper we will
use these ovariant oordinates to generalize the open Wilson lines introdued
in [5℄. In [6℄ they were used to give an exat formula for the inverse Seiberg-
Witten map. We will generalize this onstrution for ⋆-produts of type (1)
with invertible Poisson struture θij .
Covariant oordinates
In a nonommutative version of a U(1)-gauge theory, a salar eld should trans-
form like
φ′ = g ⋆ φ,
where g is a funtion that is invertible with respet to the ⋆-produt
g ⋆ g−1 = g−1 ⋆ g = 1.
Note that multipliation with a oordinate funtion is not ovariant any more
(xi ⋆ φ)′ 6= xi ⋆ φ′.
In the lassial ase the same problem arises with the partial derivatives. In
analogy to this, ovariant oordinates
X i(x) = xi +Ai(x)
2
an be introdued transforming in the adjoint representation
X i′ = g ⋆ X i ⋆ g−1.
Now the produt of a ovariant oordinate with a eld is again a eld. An in-
nitesimal version of this is presented in [7℄. The equivalene of both approahes
is investigated in [8℄.
In [1℄ it was shown that ommutative and nonommutative gauge theory an
be related by the so alled Seiberg-Witten-map. Mapping the lassial gauge
transformations and gauge elds to their nonommutative ounterparts, one an
show that
Ai = θijaj +O(θ
2).
This equality also holds in the ase of the ⋆-produts (1) (see [9℄).
Wilson lines
In the ase θij = const. the basi observation was that translations in spae are
gauge transformations. [5℄ They are realized by
Tlx
j = xj + liθ
ij = eilix
i
⋆ f ⋆ e−ilix
i
.
Now one an pose the question what happens if one uses ovariant oordinates.
In this ase the inner automorphism
f → eiliX
i
⋆ f ⋆ e−iliX
i
should onsist of a translation and a gauge transformation dependent of the
translation. If we subtrat the translation again only the gauge transformation
remains and the resulting objet
Wl = e
iliX
i
⋆ e−ilix
i
has a very interesting transformation behavior under a gauge transformation
W ′l (x) = g(x) ⋆ Wl(x) ⋆ g
−1(x+ liθ
ij).
It transforms like a Wilson line starting at x and ending at x+ lθ.
As in the onstant ase we an start with
Wl = e
iliX
i
⋆ ⋆ e
−ilix
i
⋆ ,
where now e⋆ is the ⋆-exponential. Every multipliation in its Taylor series is
replaed by the ⋆-produt. In ontrast to the onstant ase, e
f
⋆ = e
f
isn't true
any more true. The transformation property of Wl is now
W ′l (x) = g(x) ⋆ Wl(x) ⋆ g
−1(Tlx),
where
Tlx
j = eilix
i
⋆ xj ⋆ e−ilix
i
3
is an inner automorphism of the algebra, whih an be interpreted as a quantized
oordinate transformation. If we replae ommutators by Poisson brakets the
lassial limit of this oordinate transformations may be alulated
Tlx
k = eili[x
i⋆,·]xk ≈ e−li{x
i,·}xj = e−liθ
ij∂jxk,
the formula beoming exat for θij onstant or linear in x. We see that the las-
sial oordinate transformation is the ow indued by the Hamiltonian vetor
eld −liθ
ij∂j . At the end we may expand Wl in terms of θ and get
Wl = e
iliθ
ijaj +O(θ2),
where we have replaed Ai by its Seiberg-Witten expansion. We see that for l
small this really is a Wilson line starting at x and ending at x+ lθ.
Observables
As spae translations are inluded in the nonommutative gauge transformations
no loal observables an be onstruted. In the ase θij = const. one has to
integrate over the whole spae
Ul =
∫
dnxWl(x) ⋆ e
ilix
i
.
If one goes to the Fok spae representation of the algebra one sees that this
orresponds to
Ul = tr e
iliXˆ
i
.
In the more general ase of non onstant θij we therefore need a trae for the
⋆-produt, i. e. a funtional tr with the property
tr f ⋆ g = tr g ⋆ f.
Only in this ase the trae of a ovariant quantity beomes invariant. For many
⋆-produts we know that the trae may be written as
tr f =
∫
dnxΩ(x) f(x) (2)
with a measure funtion Ω. Due to the yliity of the trae it has to fulll
∂i(Ωθ
ij) = 0 (3)
whih an easily be alulated with (1). If the Poisson struture θij is invertible
then the inverse of the Pfaan
1
Ω
= Pf(θ) =
√
det(θ) =
1
2nn!
ǫi1i2···i2nθ
i1i2 · · · θi2n−1i2n
is a solution to this equation. There an always be found a ⋆-produt so that
a measure funtion fullling (3) guarantees yliity to all orders [10℄. Now
4
we are able to write down a large lass of observables for the above dened
nonommutative gauge theory, namely
Ul =
∫
dnxΩ(x)Wl(x) ⋆ e
ilix
i
⋆ =
∫
dnxΩ(x) e
iliX
i(x)
⋆
or more general
fl =
∫
dnxΩ(x) f(X i) ⋆ e
iliX
i(x)
⋆
with f an arbitrary funtion of the ovariant oordinates.
Inverse Seiberg-Witten-map
As an appliation of the above onstruted observables we generalize [6℄ to ar-
bitrary ⋆-produts, i. e. we give a formula for the inverse Seiberg-Witten map
for ⋆-produts with invertible Poisson struture. In order to map nonommu-
tative gauge theory to its ommutative ounterpart we need a funtional fij [X ]
fullling
fij [g ⋆ X ⋆ g
−1] = fij [X ],
df = 0
and
fij = ∂iaj − ∂jai +O(θ
2).
f is a lassial eld strength and redues in the limit θ → 0 to the orret
expression.
To prove the rst and the seond property we will only use the algebra
properties of the ⋆-produt and the yliity of the trae. All quantities with a
hat will be elements of an algebra. With this let Xˆ i be ovariant oordinates in
an algebra, transforming under gauge transformations like
Xˆ i′ = gˆXˆ igˆ−1
with gˆ an invertible element of the algebra. Now dene
Fˆ ij = −i[Xˆ i, Xˆj ]
and
(Fˆn−1)ij =
1
2n−1(n− 1)!
ǫiji1i2···i2n−2 Fˆ
i1i2 · · · Fˆ i2n−3i2n−2 .
Sine an antisymmetri matrix in odd dimensions is never invertible we have
assumed that the spae is 2n dimensional. The expression
Fij(k) = strFˆ ,Xˆ
(
(Fˆn−1)ije
ikjXˆ
j
)
(4)
learly fullls the rst property due to the properties of the trae. str is the
symmetrized trae, for an exat denition see [6℄. Note that symmetrization
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is only neessary for spae dimension bigger than 4 due to the yliity of the
trae. In dimensions 2 and 4 we may replae str by the ordinary trae tr. Fij(k)
is the Fourier transform of a losed form if
k[iFjk] = 0
or if the urrent
J i1···i2n−2 = str
Fˆ ,X
(
Fˆ [i1i2 · · · Fˆ i2n−3i2n−2]eikj Fˆ
j
)
is onserved, respetively
kiJ
i··· = 0.
This is easy to show, if one uses
str
Fˆ ,Xˆ
(
[kXˆ, Xˆ l]eikjXˆ
j
· · ·
)
= str
Fˆ ,Xˆ
(
[Xˆ l, eikjXˆ
j
] · · ·
)
= str
Fˆ ,Xˆ
(
eikjXˆ
j
[Xˆ l, · · ·]
)
whih an be alulated by simple algebra.
To prove the last property we have to swith to the ⋆-produt formalism and
expand the formula in θij . The expression (4) now beomes
F [X ]ij(k) =
∫
d2nx
Pf(θ)
(
(Fn−1⋆ )ij ⋆ e
ikjX
j
⋆
)
symF,X
.
The expression in brakets has to be symmetrized in F ij and X i for n > 2. Up
to third order in θij , the ommutator F ij of two ovariant oordinates is
F ij = −i[X i ⋆, Xj ] = θij − θikfklθ
lj − θkl∂lθ
ijak +O(3)
with fij = ∂iaj − ∂jai the ordinary eld strength. Furthermore we have
eikiX
i
⋆ = e
ikix
i
(1 + ikiθ
ijaj) +O(2).
If we hoose the antisymmetri ⋆-produt (1), the symmetrization will annihilate
all the rst order terms of the ⋆-produts between the F ij and X i, and therefore
we get
−F [X ]ij(k)
= −2n
∫
d2nx
ǫθn
(
ǫijθ
n−1 − (n− 1)ǫijθ
n−2θfθ − θkl∂l(ǫijθ
n−1)ak
)
eikix
i
+O(1)
= −2n
∫
d2nx
ǫθn
(
ǫijθ
n−1 − (n− 1)ǫijθ
n−2θfθ −
1
2
ǫijθ
n−1fklθ
kl
)
eikix
i
+O(1)
= d2nx
(
θ−1ij + 2n(n− 1)
ǫijθ
n−2θfθ
ǫθn
−
1
2
θ−1ij fklθ
kl
)
eikix
i
+O(1),
using partial integration and ∂i(ǫθ
nθij) = 0. To simplify notation we introdued
ǫijθ
n−1 = ǫiji1j1···in−1jn−1θ
i1j1 · · · θin−1jn−1 et. In the last line we have used
θ−1ij = −
(θn−1)ij
Pf(θ)
= −2n
ǫijθ
n−1
ǫθn
.
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We will now have a loser look at the seond term, noting that
θij
ǫijθ
n−2θfθ
ǫθn
= −
1
2n
θ−1kl θ
krfrsθ
sl = −
1
2n
frsθ
rs
and therefore
ǫijθ
n−2θfθ
ǫθn
= a
ǫijθ
n−1
ǫθn
frsθ
rs + bfij (5)
with a+ b = − 12n . Taking e. g. i = 1, j = 2 we see that
ǫ12···klθ
n−2θkrfrsθ
sl = ǫ12···klθ
n−2(θk1θ2l − θk2θ1l)f12 + terms without f12.
Espeially there are no terms involving f12θ
12
and we get for the two terms on
the right hand side of (5)
2aǫ12θ
n−1f12θ
12 = −2nbǫ12θ
12θn−1f12
and therefore b = − a
n
. This has the solution
a = −
1
2(n− 1)
and b =
1
2n(n− 1)
.
With the resulting
2n(n− 1)
ǫijθ
n−2θfθ
ǫθn
=
1
2
θ−1ij fklθ
kl + fij
we nally get
−F [X ]ij(k) =
∫
d2nx
(
θ−1ij + fij
)
eikix
i
+O(1).
Therefore
f [X ]ij = F [X ]ij(k)−F [x]ij(k)
is a losed form that redues in the lassial limit to the lassial Abelian eld
strength. We have found an expression for the inverse Seiberg-Witten map.
Outlook
It would be interesting to nd a similar expression to (4) for other nonom-
mutative (ompat) spaes like the fuzzy torus and the fuzzy sphere. In the
seond ase we would be able to map an ommutative su(2)-gauge theory to an
ommutative Abelian gauge theory in higher dimensions.
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